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It seems to be expected, that a horizon of a quasi-local type, like a Killing or an isolated 
horizon, by analogy with a globally defined event horizon, should be unique in some open 
neighborhood in the spacetime, provided the vacuum Einstein or the Einstein-Maxwell equa- 
tions are satisfied. The aim of our paper is to verify whether that intuition is correct. If one can 
extend a so called Kundt metric, in such a way that its null, shear-free surfaces have spherical 
spacetime sections, the resulting spacetime is foliated by so called non-expanding horizons. 
The obstacle is Kundt 's constraint induced at the surfaces by the Einstein or the Einstein- 
Maxwell equations, and the requirement that a solution be globally defined on the sphere. We 
derived a transformation (reflection) that creates a solution to Kundt 's constraint out of data 
defining an extremal isolated horizon. Using that transformation, we derived a class of exact 
solutions to the Einstein or Einstein-Maxwell equations of very special properties. Each space- 
time we construct is foliated by a family of the Killing horizons. Moreover, it admits another, 
transversal Killing horizon. The intrinsic and extrinsic geometry of the transversal Killing 
■ horizon coincides with the one defined on the event horizon of the extremal Kerr-Newman so- 

\Q • lution. However, the Killing horizon in our example admits yet another Killing vector tangent 

to and null at it. The geometries of the leaves are given by the reflection. 
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1 Introduction 



In the standard black-hole theory an event horizon is defined as a boundary of certain distinguished 
region of spacetime. On the other hand, quasi-local definitions of horizons are known which lead 
to a local black-hole physics and geometry. Typically, a horizon is a cylinder formed by 2-surfaces 
diffeomorphic with the 2-sphere. In the stationary black hole case, the cylinder is expected to 
be a null surface. If the intrinsic geometry of the surface is preserved by a tangent null flow, 
then the cylinder is called a non-expanding, shear-free horizon. If both, the intrinsic and extrinsic 
geometries are preserved by a tangent null flow, then the cylinder becomes an isolated horizon (see 
jniEj for details). In a very special case, there is a Killing vector field defined in a neighborhood 
of the cylinder and tangent to its null generators. Then we deal with a Killing horizon. It seems 
to be expected, that a horizon of this quasi-local type, by analogy with the globally defined event 
horizon, should be unique in some open neighborhood in the spacetime. The aim of our paper 
is to verify whether that intuition is correct. We would like to prove or disprove the existence 
of a solution of vacuum Einstein's or the Einstein-Maxwell equations foliated by non-expanding, 
shear- free horizons. A metric tensor of this type necessarily belongs to the Kundt 's class pQ. The 
structure of Einstein's and the Einstein-Maxwell equations in this class is discussed in £Q and a 
large family of exact solutions is known. The new issue is the quasi-global assumption, that the 
null, non-expanding, shear-free surfaces foliating a given Kundt solution have space-like spherical 
sections. 

We approach this problem in terms of the non-expanding horizons geometry. Vacuum Ein- 
stein's equations imposed on a metric tensor which admits a foliation by non-expanding, shear-free 
horizons induce on each horizon certain constraint equations on the intrinsic geometry and the 
rotation 1-form potential. We construct a transformation that maps the constraints into another 
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set of equations satisfied by the intrinsic geometry and the rotation 1-form potential of an extremal 
isolated horizon contained in a vacuum spacctimc. The inverse transform applied to the intrinsic 
geometry and the rotation 1-form potential defined on the extremal Kerr event horizon provides 
a solution to our constraints! The vacuum constraints and the transformation are generalized to 
the Einstein-Maxwell case. Whereas the nature of that transformation is somewhat mysterious 
in the general case considered here, it becomes clear in the case of the examples we derive later. 
Next, we extend appropriately every solution to the vacuum (electrovac) constraint equations into 
a solution to the vacuum Einstein (Einstein-Maxwell) equations. The derived class of solutions 
admits a two dimensional Lie algebra of the Killing vector fields generated by Kg, K\ which satisfy 
[Ko, Ki] = Kq. For every value of u, the vector field uKq — K\ defines a bifurcated Killing horizon 
(that is it is tangent to a pair of Killing horizons which share a spherical slice). All the bifur- 
cated Killing horizons share a single Killing horizon tangent to Kq. In other words, the resulting 
spacetime is foliated by the Killing horizons, and admits one more Killing horizon transversal to 
the leaves of the foliation. The transversal Killing horizon equipped with the Killing vector Kq 
is an extremal vacuum (electrovac) isolated horizon. Its intrinsic geometry, the rotation 1-form 
potential, and the electromagnetic field are related to the data defined on each lief of the foliation 
exactly by the transformation discussed above. Finally, we derive an explicit form of the solution 
corresponding to the extremal Kerr-Newman horizons. 

The constraint equations considered as equations of certain data defined on a manifold diffeo- 
morphic with a 2-sphere are interesting by themselves. According to the results of jl()| . the only 
axi-symmetric solutions are those given by the Kerr-Newman extremal horizon and the transform. 
It is not known if there are any other solutions. Some partial results are enclosed in Appendix. 

In conclusion, our results contradict even the belief that a Killing horizon should be unique in 
some spacetime neighborhood. However our examples are quasi local and their geodesic extension 
should be understood. 



2 Non-expanding horizons 

We recall in this section the definition of the non-expanding horizons and properties relevant in this 
paper [J] . A non-expanding horizon is defined to be a null 3-surface A contained in a 4-dimensional 
spacetime of the Lorentz signature, such that: 

(i) A is an embedding of S x R, where the manifolds S and R are, respectively, the 2-sphere 
and the 1-dimensional interval, 

(ii) for every s € S, the embedding maps{s} x R into a null curve, 

(iii) every null vector field tangent to A is non-expanding. 

It follows from the Raychaudhuri equation, that if the stress energy tensor satisfies at every 
point of A the non-negativity condition 

T^t > 0, (1) 

where I is a null vector tangent to A, then A is also shear free. It means that the pullback q of 
the spacetime metric g onto A is transversal to I and Lie dragged by £, 

l^q = 0, C e q = 0. © 

It follows, that the spacetime covariant derivative V reduces naturally to a covariant derivative 
D defined in the tangent bundle TA, that is for every two vector fields X, Y tangent to A, so is 
VxY- It also follows that the null direction tangent to A is covariantly constant, hence for every 
null vector field I tangent to A, 

m = uj(g>£, (3) 

where w is a differential 1-form defined on A, called the rotation 1-form potential. We can always 
choose I to be geodesic, that is such that = 0. Then necessarily [7] 

e^ui = o, £ e u = o. © 
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Note, that every non-orientable S admits a double covering by the orientable one. Therefore 
we assume in this paper that S is orientable and fix an orientation in S. Let as fix an orientation 
and a time orientation in M. An orientation in S is adjusted in the following way: Let £ be a 
future oriented null vector tangent to A at x, and n be another future oriented null vector at x. 
A frame (X, Y) tangent to S at p{x), where where p : A — > S, is the natural projection, has a 
positive orientation whenever the the orientation of the frame (X, Y, n, £) is positive. 

If the non-expanding horizon is contained in an Einstein-Maxwell vacuum, then the electro- 
magnetic field tensor F defines on A yet another transversal to (and Lie dragged by) £ object, 
namely the pullback T of the self dual part \{F — *F) of F onto A, 

£^T = 0, LiT = 0. © 

It follows from 12I4I5|I that, there are defined on S: a metric tensor q, a 1-form <2i and a complex 
valued differential 2-form T , such that 

q = p*q, lo = p*tu, T = p*T, (jSJl 

We call (q, a), T) respectively: a projected 2-metric tensor, a projected rotation 1-form potential, and 
a projected electromagnetic field 2-form induced on S by (A,£). The 2-form T can be represented 
by a projective complex electromagnetic scalar $1 respectively defined on S by: 

T =: i$ x e (7) 

where e is the volume 2-form on S defined by the metric tensor q and the orientation. 

Note, that given £ as above can be always replaced by £' = f£, where / is a function such 
that £^f^ = 0. The metric tensor q and the complex valued differential 2-form T defined on S 
are independent of that choice, whereas to' = w + din/. We will see below, however, that in the 
case a 1-dimensional family of non-expanding horizons foliating a spacetime, that freedom will be 
restricted to / = const. 

In the example of spacetime found in this paper we encounter a pair of non-expanding horizons 
which share a sphere. If this is the case, the structures induced on S are related to each other. 
Indeed, suppose A' is another non-expanding horizon in M such that A n A' = S where S is 
diffeomorphic to a sphere. Let £' be a null vector field tangent to A' such that 

t%\§ = -1- (8) 

The spheres of the null geodesies S and S' can be naturally identified. Then, the corresponding 
projective metric tensors q and q' and the projective electromagnetic field 2-forms T ', T 1 just 
coincide. The orientations of S corresponding to A and A' are opposite to each other. The 
pullbacks Wj-g) and of the rotation 1-form potentials u> and ui' to S are related in the following 
way 

u/ (§) = (£,vn { s) = - «.V*") (S) = (9) 

In summary, we have 

q' = q, u>' = —ui, $i = —$1, orientation' = —orientation. (|TU|l 

3 Foliations by non-expanding horizons 

We consider in this work a spacetime {M, g) foliated by non-expanding horizons. Our considerations 
are quasi local, in the sense that we assume that 

(i) M = S x Rx R, (11) 
where S is a manifold diffeomorphic with the 2-sphere, and R is an interval, 

(ii) for every v! £ R, the 3-surface S x R x {u 1 } is a non-expanding horizon, 

(iii) every curve {s} x R x {u'} such that s & S and u' S R is null. 
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Every spacetime foliated by the non-expanding horizons can be introduced (quasi-locally) in 
this way. Let u be a real valued function defined on M such that for every u' € R, u is constant 
on the corresponding non-expanding horizon S x R x {u 1 } and 

du ^ 0, (12) 

for every x 6 M. A function u of those properties can be given by any coordinate defined in R. 
For every value uq of the function u, the non-expanding horizon S x R x {u'} on which u takes 
that value henceforth will be denoted by A Uo (often we will drop the suffix at it). The function 
u provides in M a null vector field £, 

: = -g» v u, v (13) 

geodesic, 

Vd = 0, (14) 

and tangent at every x £ M to A u r x \. Therefore, for every non-expanding horizon A u the results 
of the previous section apply to the vector field £ defined in (| 1 3 p . In conclusion, for every lief A„ 
of the foliation, S is equipped with: the metric tensor q, the projected rotation 1-form potential 
Co and the projected self-dual electromagnetic field T as it was explained in the previous section. 
The structure (q, w, T) arbitrarily depends on on the lief A„. 

There is still some freedom in the definition of the vector field I on M. The function u can 
be replaced by u — h{u) where h is an arbitrary function whose gradient nowhere vanishes. That 
transformation amounts to the rescaling of £ by a factor h!(u) constant on every lief A u . The 
transformation leaves (q, u>, T) invariant. Therefore the structure (q, cD, T) is uniquely defined on 
S and depends only on the lief A u and the spacetime metric tensor g. 



4 Constraints 

Imposing the Einstein-Maxwell equations on the spacetime foliated by non-expanding horizons 
implies interesting constraints on the structures (q,uj,J-) defined on S. We formulate and discuss 
the constraints in this section. The derivation will be presented in the Section in which we 
analyze the full set of the Einstein-Maxwell equations imposed on a spacetime foliated by the 
non-expanding horizons. Let us begin with the Einstein vacuum case, that is F = in M. 

Proposition 1. Suppose (M,g) is a 4~ dimensional spacetime foliated by non-expanding horizons 
in the meaning of the conditions fz))- ilmj) of Section 0' suppose g satisfies the vacuum Einstein 
equations. Then, the following constraint is satisfied on the manifold S for every lief A u> 

D b lua + Da^b - Zujaub + Rab = 0, (15) 

where we denote by D and R the covariant derivative and the Ricci tensor, respectively, of the 
2-metric tensor q defined on S. 

In the presence of the electromagnetic field F, a constraint implied by the Maxwell equations 
will be added (and the first constraint will be modified by the non-zero F). It is convenient to 
express the Maxwell constraint by the complex structure on S compatible with the orientation of 

5 distinguished in Section |21 Let (z,z) be a local complex coordinate system in S such that the 
orientation of the coframe ($tdz, Qdz) is consistent with the orientation of S. We decompose every 
differential 1-form k = k z dz + kgdz defined on S in the following way, 

fc^ 1 ' ) = k z dz, k^ '^ = k- z dz, (nnj 

and in particular for every complex-valued function / defined on S we define 

df = df {1 '°\ df = df {Q ' 1] . 113 
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Proposition 2. Suppose {M,g) is a 4~ dimensional spacetime foliated by non-expanding horizons 
in the meaning the conditions fij)-ifmj) of Section^; suppose F is an electromagnetic vector field in 
M such that (g, F) satisfy the vacuum Einstein- Maxwell equations. Then, the following constraints 
are satisfied on the manifold S for every leaf A u , 

D B Co A + D A Co B -2Cj a oj b + R A b - 2K Q \$ 1 \ 2 q AB = 0, (18a) 

(d - 2Co ( - 1 ^ ) )<S> 1 = 0. (18b) 

The rotation 1-form Co can be decomposed on the sphere in the following way: 

Co = *df/ + dlnB (19) 

where U, B are real functions. Then constraint l|18b|) can be easily integrated giving the following 
form of $1 as a function of (U, B), 

$i = E B 2 e 2lU , E = const . (JUJ 

This equation was investigated in more details in jl()| . 

Obviously Proposition ^ is a special case of Proposition [3 The proof of Proposition [3 follows 
in a straight forward way from the Einstein-Maxwell equations discussed in the Section 

The constraints considerably restrict possible 2-metric tensors q, the rotation 1-form potential 
Co and electromagnetic field induced on S. Their strength consist in fact that solutions have to be 
defined globally on S. 

On the other hand, we will also show in Section|3 that for every single solution of the constrains 
ltT%|) there exists an electrovac (M, g, F) foliated by non-expanding horizons. 



5 A transform providing solutions to the constraints 

There is a remarkable mathematical relation between the constraints l|15|) and the constraints 
satisfied by the geometry of a vacuum extremal isolated horizon |10j . The relation generalizes to 
the constraints ljl8|l and the constraints satisfied by the geometry and the electromagnetic field on 
an extremal electrovacuum isolated horizon (By 'mathematical', we mean that the constraints 
are not the same, but there is a transformation that maps solutions of one set of the constraints 
into another) Let us recall, that an extremal isolated horizon (A',£') in a non-expanding horizon 
A' equipped with a tangent null vector field such that 

[Ct>,B f ] = 0, andBV = 0. (21) 

At A', the vacuum Einstein equations induce the following constraint equations on the metric 
tensor q' and the rotation 1-form potential Co' projected onto the manifold S |1()| (we are still using 
the notation of Section EJ) 

%u' A + D' A Cd' B + 2cd' A Cd' B -R' AB = (22) 

Comparing the equations above with the vacuum constraints (|15f) one can easily see the relation: 

Theorem 1. The following map 

Co' h-> ui = Co', q' h-> q = q' 

is a bijection of the set of solution to the vacuum extremal isolated horizon constraints 122(1 onto 
the set of solutions to the constraints $15p . In particular, the projected metric tensor q' and the 
projected rotation 1-form potential Co' induced on the event horizon in the extremal Kerr spacetime 
are mapped by the transformation y23\) into a solution to the constraints 

In the presence of the electromagnetic field F' at an extremal isolated horizon A', the Einstein- 
Maxwell equations and an assumption that the electromagnetic field is Lie dragged by the vector 
field £' (see ^U] for the details) amount to the following constraint equations 

D' B Co' A + D' A Co' B + 2Co' A Co' B - R' AB + 2 Ko \<£' 1 \ 2 q AB = (24a) 

(d + 2Co ( -°> 1 ^ $; = (24b) 
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A comparison of the equations above with the electrovac constraints 1181) shows that Theorem 1 
generalizes to the following: 

Theorem 2. The map $23p accompanied by 

$i i-> $i = ¥[ (25) 

is a bijection of the set of solutions to the extremal electrovac isolated horizon constraints \2$ 
onto the set of solutions to the constraints 11H)) . In particular, the projected metric tensor q' , the 
projected rotation 1-form potential uj' and the projected electromagnetic field T' induced on the 
event horizon in the extremal Kerr-Newman spacetime are mapped by the transformation $23125\) 
into a solution to the constraints 1181) . 

The relevance of Theorem 1 and Theorem 2 above consists in establishing the existence of 
non-trivial, globally defined on S solutions to the vacuum constraints l|15|l and, respectively, the 
electrovac constraints Ijl8|) . 

Remark 1. Applied to the constraints llffy . the transformation 12,°1125\) is equivalent to the trans- 
formation y7j) mapping into each other data corresponding to intersecting two non-expanding hori- 
zons. That observation may be considered as indication of the possible existence of a non-expanding 
horizon transversal to one of the horizons A u . This is exactly what happens in the case of the class 
of solutions constructed in the next section. 



6 Proof of Proposition [Ty2] 

Every spacetime (M,g) foliated by non-expanding horizons in the sense of the conditions tfTf)— (fTTTf) 
of Section El can be represented by M = S x R x R and the following metric tensor 

g = q- 2du (dv + W + Hduj (26) 

where: 

a) the function v (respectively, u) is a parametrization of the first (second) factor R of the product 
(|TT)l extended naturally to S X R X R, 

b) q is a metric tensor defined on S and depending on value of u, naturally lifted to the product 
S x Rx R, 

c) W ( H ) is a differential 1-form (a function) defined on S depending on values of u and v and 
extended naturally to the product S x R x R. 

Let z, z are any (local) coordinate system defined on S and extended naturally to some domain in 
S x R x R. In terms of the coordinate system (z, z,v,u) the eq. I|26l) reads, 

g = 2P- 2 dzdz - 2du (dv + Wdz + Wdz + Hdu) P, v = 0, {gj) 

where P is a real-valued and W is a complex-valued function. The constancy surfaces of u are 
non-expanding horizons. 

The converse is also true: given a metric tensor (I27J) . a surface A no = S x R x {u } is a 
non-expanding horizon for every value of uq taken by the functions v,u respectively. 

We express now all the structures defined in Sections El El by the components of the metric 
tensor above. To begin with, the function u is the same as in Section El and the complex valued 
function z is the same as z in Section El In this coordinate system the vector field £ 1|13|) is 

Pd,,, = d v . (28) 

The structures q and Cj introduced in S for every value taken by the function u are: 

q = 2P- 2 dzdz, Cj = ~ (W, v dz + W v dz) . (23 
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Note that Eq. (0} is equivalent to 

W iVV = 0. (30) 
Every electromagnetic field F denned on M which satisfies the conditions © can be written 

as 

F = $i(e 4 Ae 3 + e 2 Ae 1 ) + $ 2 e 2 Ae 3 +¥7(e 4 Ae 3 -e 2 Ae 1 ) + $^e 1 Ae 3 $ ljV = 0, 

where (e 1 , e 2 , e 3 , e 4 ) is the coframe dual to the following null frame 

ei = e 2 = Pd z , e 3 = d u + P 2 (Wd z + Wd z )-(H + P 2 WW)d v , e 4 = d v . C2J 

Then, $i is the same function as the one introduced in Section[21and the complex valued differential 
2-form T defined in the same section on S is 

T = — —^dzAdz. (33) 
P A 

In the construction of we have already took into account a part of the Einstein-Maxwell equa- 
tions. Therefore, our metric tensor g 1)271 130(1 and the electromagnetic field F 1)31(1 already satisfy 

-R44 = K0T44 = = i?4i = KqT^i = i?42 = K0T42, (34a) 

ei J e4 J d(F -i* F) = = e 2 J e 4 J d(F — i * F) (34b) 

Every metric tensor given by (|77l l3*U|) belongs to the Kundt's class. We apply below the 
discussion of the structure of the Einstein-Maxwell equations for this class which can be found in 

Q 

We turn now to the proof of Proposition ^ and Proposition [2 Consider the following Einstein 
equations 

{P 2 W, V ), Z - \p 2 {W, v ) 2 = R u = KoTii = (35) 

2P 2 (ln(P)), zz + ^P 2 (W vz + W, vz --W, v W v ) =R 12 = Ko T 12 = 2k $i¥[ (36) 

(37) 

where in each of the lines above, the first and the third equality is an identity. Using the relations 
between P and the 2-metric tensor q and between W, v and ui (see 129(1 one easily recognizes Eq. 
11 8 all and, in the vacuum case, Eq. 1(15)1. 

Finally, one of the Maxwell equations reads 

e 3 Je 4 J ei Jd(F-i*F) = j - W,„$i) = (38) 

where the first equality is an identity. This is exactly Eq. I|18bjl . This completes the proof. 

7 A class of solutions to the Einstein-Maxwell equations 

Let us assume in this section, that we are given W. v (z,z,u), P(z,z,u) and $i(z, z, 11) such that 
the constraints ((18all8b(l are satisfied for every sphere u = const, v = const. We turn now to the 
issue of the existence of solutions to the full set of the Einstein-Maxwell equations. 

The second derivative with respect to v of the function H is given by the (/z, v) = (3, 4) 
component of the Einstein-Maxwell equations, namely 

H, vv = 2 KQ \$ 1 \ 2 +dlvLu~2q AB u A Cb B = 2k |$i| 2 + ^P 2 (W vz + W. v - z - 2W, v W v ) (39) 
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where diva) := q AB Da&b and q AB is the two-dimensional inverse metric. 

Similarly, the v derivative of the remaining component $2 is involved in ->e 2 j e4 ->d(F — i*F) 
and the corresponding Maxwell equation gives 



$2 



(40) 



In particular, it follows from 1|39I4(J[1 that H tVVV = and <E>2,™ = 0. Hence the most general form 
of the functions W, H, $2 is 



W(z,z,u,v) = W )V (z, z, u)v + Wq(z, z, u) 

H(z,z,u,v) = K \*i\ 2 + ^P 2 (W tVZ + W tVS -2W tV W, v ) 

+ G (z,z,u)v + H (z,z,u) 

<$> 2 (z,z,u,v) = P($ lti + W, v $i)v + $%(z,z,u) 



(41a) 
(41b) 
(41c) 



The remaining Einstein-Maxwell equations amount to the following system of equations on 
Wo, Go, Ho, P u , W lVU P (the first two equations are explicitly written down in pQ, but to propose 
a solution we needed also the last equation below, therefore the first two were included for the 
completeness) 



2 Ko $ 1 $ 2 ) = P(P 2 W°)^ ZZ + P 



(ln(P)), u - \p 2 W% - l -P 2 Wl 



+ \p [{P 2 W lV ), z W° + (P 2 W, V ) Z W°] - 2P iZ (P 2 W°), z ( 42a ) 

+ PG° Z + \p 3 [(W°W, v ) tZ - {W°W, V )^] + P u - \PW >VU 
P*l, = P z $° 2 + - 2(ln(P)), ll $ 1 + P 2 [{W°^), z + (W *!),,] (42b) 
2^0$°$° = 2P 2 H% + P 2 [(W, V H°), Z + (W, V H°), Z ] 

+ 2P 2 s% + P 2 [(W, v s°), z + (W, v s ),,] - 2(P 2 W°), Z (P 2 W°), Z (42c) 
- 2 [P 2 (/i° 2 W° + fi%W°) + fi° u + m° (G° + P 2 (W°W V + W*W, V ) + m )] 

where: 

s ° = P 2 W°W° fi° = ^P 2 {W° z + W° z )-(ln{P)), u 63} 

It is easy to see that the following example defines a solution of 1)42(1 

P„ = W, m = $i,„ = = W° = G° = H° = $°. (44) 
Therefore, the following has been shown: 

Theorem 3. For every 2-metric tensor q, a differential 1-form w and a complex valued function 
$1 all defined globally on S and solving the constraint equations M8all8b\) , the metric tensor g 
and electromagnetic field F defined by l|44[) are a solution of the Einstein-Maxwell equations. If 
$1 = ; then all the resulting electromagnetic field F = 0. 

Corollary 1. Combining Theorem\^ with Theorem^ and Theorem^ we established the existence 
of solutions to vacuum Einstein's equations foliated by non-expanding horizons, and solutions to 
the vacuum Einstein- Maxwell equations foliated by non-expanding horizons. 

We discuss now the structure of the spacetime given by Theorem|3and by a solution (<j, u>, $1) 
of the constraint equations (|18all8b|) . 

The metric tensor g has two Killing vector fields, namely 

K\ — d u and K 2 — ud u — vd v . (45) 
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For every value of uq, the corresponding lief A Uo is tangent to the Killing vector field K2 — uqK\. 
Moreover, K2 — U0K1 is null on A Uo . Therefore, all the leaves are the Killing horizons. Every 
(A Uo , K% — uqKi) is non-extremal in the sense, that on A Uo , 

V^-uoKjiKi-imKi) = -{Ki-uoK-L) ± 0. (46) 

The Killing vector K\ is transversal to every lief A UQ . The 1-dimensional group of isometries 
it generates maps one lief into another. The spacetime pseudo-norm of K\ equals 



9uu — —2H — — 



2 Ko |$i| 2 + ^P 2 (W VZ + W, v8 - 2W, V W V ) 



1/ . (47) 



Therefore, K\ becomes null on the surface v = 0. Let as denote that surface by A°. The surface 
A° is null itself and tangent to K\. Hence A° it is yet another Killing horizon. It has certain quite 
special property: there are two distinct null Killing vectors tangent to A°. Indeed, the other one 
is the vector field K^. On A they satisfy 

V Kx K\ = 0, V K2 K 2 = K 2 . m 

Therefore (A,K±) is extremal whereas (A, K2) is non-extremal. 

Consider finally the projected metric, projected rotation 1-form potential and the projected 
electromagnetic field defined on the sphere S by (A ,^) (see Section 0). Denote them by q°,u}° 
and T° respectively. Because the horizons A° and A„ share a sphere, and 

g{K u l) = g uv = -1, (49) 

the structure (q° ,w° is related to the structure {q.Qj.T) 

q° = q, ii° = -u), = $1. 

This is exactly the transformation 1)231 125(1 . 



8 The axi-symmetric example 

In the previous section we constructed a class of solutions to the Einstein-Maxwell equations 
labeled by solutions to the constraints l|18|l . We complete now the task of the construction of an 
explicit electrovac example by deriving the axi-symmetric solutions to the constraints. 1 In the 
axi-symmetric case we can choose spherical coordinates (6,<p) such that the functions P, W v ,&i 
are independent on if. We replace the coordinate 6 by a function z(9) such that: 



P 2 dx = d& x £ 



A A 

47r' 47T 



a = e (£>D 



s 



The condition that the 2-metric tensor q (see l)29|l) is of the class C 1 on S implies the following 
conditions on the function P to be satisfied at the poles: 

After applying this coordinate system and the equation (|20|l . the constraint (|18a|l (with a) decom- 
posed by fT9*j) 1 takes the following form: 



\PBJ xx P S B PB 



^-+2k \E \ 2 PB 3 = (53a) 



B / „„ B \B 2 



= -£ = eSb,c) 



1 The general solution (q,Cj, $1) of the constraint equations 1181 is not known. See )10l and Appendix for 
discussion. The general axi-symmetric solution was derived in 1101 . It is given via Theorem|5]by the Kerr-Newman 
solution. Since the eq. (131a) in contains a misprint made in the process of rewriting the results, we outline 
the derivation in this section. 
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where (|53all is the trace of (|18a|l and l|53b.cl) is the result of the splitting of the traceless part of 
<|18a|) into the real and, respectively, imaginary part. 

The set of solutions to the equations Ij53(l and to the globality conditions (|52|) can be labeled 
by three real parameters a, A, 9q such that: 

a G [0,1], A €]0,oo[, 6»o € [0,2tt[. © 

And the general solution is: 

2n(l + a 2 ) A 2 + i^4(47rx) 2 



1 — a 2 x 



U(x) = iarctan^Tr^Y-p-j-j , (55b) 

= , ^ ^1 (^-^^) 2 ) ±2 -W^ (55d) 
VK ° 1 + a (A 2 + i^(4 TO ) 2 ) 

It is easy to show ^U] that this solution corresponds via the transformation P — » P, w — > — w, $i — > 
$i) to the extremal Kerr-Newman event horizon. The case a = 0, 1, in particular, corresponds to 
the extremal Kerr and the extremal Reissner-Nordstrom event horizons, respectively. 

In conclusion, the class of explicit examples of electrovacua foliated by the Killing horizons is 
given by the metric tensor l|27|) and the electromagnetic field such that: 

p2 _ * + 

A A 2 - (Attx) 2 

w 2^2(1 -q 2 )^A A 2 -(4^) 2 / [TE^u ^ , fiU 

= 5 7T ±iA - \ TrUirx) v , (56b) 

(l + « 2 )t ^ 2+ i_^ (4to)2 ) 2 ^ Vl + a 21 >) 

(A 2 + ^(^ X ) 2 ) 2 -^A 2 {A 2 ^(A, X ) 2 ) 

H = 4ttA± '- § v 2 , (56c) 

(l + a 2 ) (A 2 + ^{^x) 2 ) 



Ko l + a 2 



2 a(l -a 2 )(87rA) 2 x (A 2 - (inx) 2 ) 1 I . /l-a 2 



$2 = e V ^ ,y g y i A±zW- ^tto) u . (56e) 

(l + « 2 )f (^ + ^(4 TO ) 2 )H Vl + ^ V 

In particular, the vacuum solutions are the type D Kundt's solutions expressed in pQ by: 

2 _ X 2 +l 2 

P ~ k((x 2 - I 2 ) + 2mx) ' (5?a) 

»' " -p^Bu) ■ < 57b > 

f k 2l 2 \ 

H = ~ \2{x 2 +l 2 ) + P 2 (x 2 +l 2 ) 2 ) v2 ' (57C) 

where in our case the parameters k,l,m are real and such that: 

A 

m = -k = 21 = — . JSSJ 

27T 
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Comparing our results with we may also conclude, that the vacuum solutions derived in this 
section provide all the vacuum and Petrov type D Kundt's spacetimes foliated by the non-expanding 
horizons. 

Acknowledgments 

We would like to thank Abhay Ashtekar, Jiri Bicak, Ted Jacobson, Jorma Louko, and Bernd 
Schmidt for discussions. This work was supported in part by the Polish Committee for Scien- 
tific Research (KBN) under grants no: 2 P03B 073 24, 2 P03B 127 24, 2 P03B 130 24, the Albert 
Einstein Institute of the Max Planck Society, and Batory fellowship. 

Appendix A: A topological constraint 

From the geometrical point of view the definition of a non-expanding horizon may be generalized 
to an arbitrary compact 2-manifold S. It is convenient to assume S is orientable and notice that 
every non-orientable S case can be obtained by dividing of an orientable case by a discrete group of 
symmetries. Then still the definitions of the structures (q, introduced in Section [5] apply, as 

well as Proposition ^ an d Proposition Let as consider that generalization in this section (only) 
to prove the following topological consequence of the constraints: 

Theorem 4. Suppose (M, g, F) is an electrovac foliated by non- expanding horizons in the meaning 
of the conditions lzz)) Jm |) of Section&and the condition \fy replaced by the following assumption: 
M = S x R x R, where S is a compact, orientable 2-manifold and R is a manifold diffeomorphic 
with an interval. Then S is either the torus or the sphere. In the first case, the only solution of 
the constraints \18\) is 

u) = 0, f = (G3J) 

and a flat metric q. 

Proof. The trace part of l|18a|l reads 

diuj + Ki = (q AB Cj A Cj B + 2k |$i| 2 ) e, (60) 

where * and K := \q AB Rab are, respectively, the Hodge star and the Gaussian curvature of 
(S,q), and q AB is the two-dimensional inverse metric. The integral of the equation along S and 
the Gauss-Bonnet theorem give the genus of S, 

2-2g = f (q AB Cu A u; B + 2K \<P 1 \ 2 )i. (61) 
Js 

It follows immediately that 

g < 1. (62) 

In the case of g = 1, that is when S is a torus, the equation l|61(l implies that Cj and $i are 
identically 0. Then, a consequence of (|18a|l is that the metric q on S is Ricci flat. □ 

In conclusion the only compact, orientable 2-manifolds which admits a solution of the con- 
straints Ijl8(l are the 2-sphere and the 2-torus. It is not justified, however, to refer to a non- 
expanding null 3-surface whose section is topologically a torus as to a 'horizon', because a surface 
of those properties can be admitted even by a flat geometry. 

Appendix B: The vacuum constraint equations 

In this section we will restrict ourselves to solutions to the constraint equations 1)18(1 with <E>i = 0. 
This assumption doesn't restrict us to vacuum spacetimes - null electromagnetic radiation is still 
allowed. 



11 



By contracting traceless part of l|18al) with Co A Co B (where indexes of Co are raised using inverse 
metric q on S) we obtain the following identity: 

q AB Co A D B \Co\ 2 = \Co\ 2 div Co + \Co\ 4 , (63) 

where 



2 = q AB Co A Co B , div Co = q AB D A Co B ■ (EH 



From this equation and 160JI follows, that the following equality holds for each real (3 

q AB D A (\Co\^Co B ) = (2[3 + l)\u>\W+V -(P + l)\u\ 2 PK . (65) 
That finally implies one-parameter family of integral identities 



2/3 + 1 
/3 + 1 



| a; | 

s 



W>e = / K\Co\ 2 ^e . (66) 



Suppose Co has only finite set of critical points (that is such that \Co\ — 0) which are isolated. Then 
equation (|65|l for (3 = — h takes the form 

-AB A ^ B K 

q D A — = -— . (67) 
M 2\u\ 

That equation can be integrated over S avoiding the singularities by surrounding the critical points 
by small circles and passing to the limit (i.e. shrinking circles to critical points). It provides the 
special case of the equation (|6Tll 

T^e = . (68) 

s M 

This condition implies that K must be negative on some open subset of S. The considerations can 
be summarized by the following 

Theorem 5. There are no solutions to constraints (|18f) of the following properties: 

(a) projected electromagnetic field tensor J- vanishes, 

(b) rotation 1-form Cj vanishes only at finite set of points, 

(c) S is a sphere with non-negative Gaussian curvature. 

Gauss-Bonett theorem implies that uj ^ on an open subset. On the other hand, solution 
generated by projected data of extremal Reissner-Nordstrom horizon (case a = 1 in l|56|l is an 
example of solutions for Einstein-Maxwell equations with Co = 0, which means that some arguments 
used above are no longer true for solutions describing fields other than null radiation. 
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